A NOTE ON PLURISUBHARMONIC DEFINING FUNCTIONS IN C 2 



J. E. FORN^SS, A.-K. HERBIG 

Abstract. Let flCCC 2 be a smoothly bounded domain. Suppose that f! admits a 
smooth defining function which is plurisubharmonic on the boundary of fi. Then the 
Diederich-Fornasss exponent can be chosen arbitrarily close to 1, and the closure of Q 
admits a Stein neighborhood basis. 



1. Introduction 

Let f2 CC C 2 be a smoothly bounded domain. Throughout, we suppose that fl admits 
a C°°-smooth defining function p which is plurisubharmonic on the boundary, bft, of fl, 
i.e., 

*.K.OW == t a5k<*& >- a 

j,k=l J 

for all z € bfl and £ = (£1,^2) G C 2 . This property comes up naturally as a sufficiency 
condition for global regularity of the Bergman projection, see |Boa-Str9ll IHer-Mc N06 . 

The purpose of this paper is to investigate how the plurisubharmonicity of p influences 
the behaviour of the complex Hessian of p (or of the complex Hessians of some other 
defining functions of f2) away from the boundary of Q. 

Suppose D = {z 6 C 2 | r(z) < } is a smoothly bounded, pseudoconvex domain. Then 
it follows by standard arguments, that there exists a neighborhood W of the boundary 
of D such that the following lower estimate for the complex Hessian of r holds: 

(1.1) H r (Z,0(l) > 0(r(q))\e + O • |<0r(«U>l) 

for q E W and £ 6 C 2 (see for instance )Ran81| for details). Our main result shows how 
to improve the estimate (|1 . 1|> under the additional condition that there is some smooth 
defining function of D which is plurisubharmonic on the boundary of D. 

Theorem 1.2. Let fl CC C 2 be a smoothly bounded domain, and suppose fl admits a 
smooth defining function which is plurisubharmonic on the boundary, 60, of fl. Then 
the following holds: for each e > and K > 0, there exist a neighborhood V of bfl and 
defining functions n and r2 such that for all £ G C 2 

(1.3) H ri (Z,t)(q)>en(q)\t\ 2 +K\{dri{q),$\ 2 for q e V CiT} 
and 

(1.4) H r2 (£,0(q) > -er 2 (q)\Z\ 2 +K\(dr 2 ,0\ 2 for qeVC\W. 

An immediate consequence of Theorem ll.2l is the existence of strictly plurisubharmonic 
exhaustion functions of f2 and of the complement of Q: 

Corollary 1.5. Suppose the hypotheses of Theorem M. S\ holds. Then 
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(i) for any rj £ (0, 1) there exists a smooth defining function f\ such that —(—rip is 
strictly plurisubharmonic on Q, 

(ii) for any rj > 1 there exist a neighborhood V of bfl and a smooth defining function 
r 2 such that is strictly plurisubharmonic on V \ f2. 

A Diederich-Fornaess exponent of a domain D CC C" is a number r S (0, 1] for which 
there exists a smooth defining function s of D so that — (— s) r is strictly plurisubharmonic 
on D. That all smoothly bounded pseudoconvex domains in C™ have a Diederich-Fornaess 
exponent t was shown in Die -For77aj (see also |Ran81| ). It is also known that there are 
pseudoconvex domains for which the largest possible t might be arbitrarily close to 
(see |Die-For77b| ). However, part (i) of Corollary 11.51 savs that the Diederich-Fornaess 
exponent can be chosen arbitrarily close to 1 on domains which admit a smooth defining 
function, which is plurisubharmonic on the boundary. Part (ii) of Corollary II. 51 is of in- 
terest, since it implies that the closure of O has a Stein neighborhood basis. In particular, 
it follows that bVl is uniformly H-convex. We remark that partial results regarding the 
existence of a Stein neighborhood basis for the closure of a domain, which satisfies the 
hypotheses of Theorem II .21 have been obtained in |Sah06| . 

The paper is structured as follows. In Section 2, we identify the obstruction to l|1.3|l 
to hold for the given defining function p. We then give an example to show that this 
obstruction might actually occur. In Section |3| we prove Theorem II .21 and we conclude 
this paper by proving Corollary 1 1.51 in Section 0]. 

We would like to thank J.D. McNeal for stimulating discussions about this project. 



2. The obstruction 

Throughout, (21,22) will denote the coordinates of C 2 . We shall identify the vector 
(£i>£2) in C 2 with £1^7 + m the (1, 0)-tangent bundle of C 2 at any given point. 

We use the pointwise hermitian inner product (., .) defined by (jjf-, gf-) = Sj,. We also 
shall use (., .} to denote contractions of vector fields and forms. We hope this abuse of 
notation will not confuse the reader as it should be clear from the context what is meant. 

Let us first see which quantities the right hand side of (|1.1|) depends on. To do so, we 
need to use Taylor's formula: 

2.1. Taylor's formula in our context. Since bQ. is smooth, there exist a neighborhood 
U of bfl and a smooth map 

7T : n n u — > bn 

q 1 ► ir(q) =p 

such that p £ btt lies on the line normal to bfl passing through q, and \p — q\ is equal 
to the complex euclidean distance, dbn{q), of q to 60. Denote by n p the unit outward 
normal to Wl at p. Then q = p — d^(q)n p . Note that in complex notation 

/ dp dp \ 

\dz 1 >dz 2 / d bn (q) dp dp\ 

n P = — FT1 W' whlch lm P llcs 1 = P \7TT~ \ a=~> a=~ / W' 

dp dp \dzi dz 2 / 
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Let / <E C 2 (f2), q G n U and p — ir(q). Then Taylor's formula in complex notation says 

2 



/(g) = /(?) + £ 

3=1 



^ (p) -Pj) + ^ (p) (g^ - Pj ) 



(P) — (P) + -^-(p)t^(P) 

ozj ozj 



dzj dzj 



0(\q-p\ 2 ) 

0(d 2 bn (q)). 



Define the vector field N(z) = J2j=i Sij^S]- Then 

(2-1) f(q) = f(p) - 2d m (q) [(ReN)(f)\ (p) + 0(d 2 m (q)). 



2.2. Partial Taylor analysis of the complex Hessian of p. After possibly shrinking 
the neighborhood U of bil, the smooth vector fields 



L 



d£- JL _ d£_ _§_ dp d dp d 

?z 2 dzi dzi dz2_ an( j _ &zi dzi d~z 2 dz 2 



\d P \ \d P \ 

are defined on f2 fl U, and it holds that 

L(p) = (L,N) = and \L\ = 1 = |iV| on UnU. 
Before we get down to business, we need some more notation: for vector fields X{z) 
Y%=i x ^ z )-dT~ and Y ( z ) = Si=i Y i( z )Wi> we sna11 write 

2 



H p (X,Y)(z)= 



d 2 P 

dzjdzk 



(z)X J (z)Y k (z). 



We denote by flw the set of all points q G f2 n U for which p = w(q) is a weakly 
pseudoconvex boundary point. 

Let e > be fixed. For each fixed q G ftw H U and ( G C 2 there exist constants a q ^ 
and such that £ = a q ^L(q) + b q ^N(q). Note that then |£| 2 = |a 9i5 | 2 + 6 9 ,£| 2 . For 
now, we only consider q G H t/, and for notational case, we shall drop the subscripts 
q, £. We first note that 

(2.2) H p (£,£)(q) = \a\ 2 H p (L 1 L)(q) + 2Re(abH p (L,N)(q)) + \b\ 2 H p (N,N)(q). 
We apply to H p (L,L){q), i.e., 

H p (L,L)(q) = H p (L,L)(p) - 2d 6n (g) (ReN) (H p (L,L)) (p) + 0(4, (g)). 
Since H p (L,L) is real valued and H p (L, L)(p) = 0, it follows that 

H p (L,L)(q) = -2d bn (q)Re(NH p (L,L))(p) + 0(d 2 bn (q)). 
Notice that NH p (L, L)(p) is real. The last equation combined with l|2.2|l gives us then 
H p (Z,0(q) >\a\ 2 [-2d m (q) (NH p (L.L))(p) + 0(d 2 bn (q))} 
~2\a\\b\\H p (L,N)(q)\ + \b\ 2 H p (N,N)(q). 
The Cauchy-Schwarz inequality implies 

flp(£,0(«) >M 2 [-24n(g) (7Vi/ p (i,L))(p)- / , 2 (g) + 0(d 2 (g))] 
-1 



\bf 



P 2 (q) 



\H p (L,N)(q)\ 2 + H p (N,N)(q) 
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Notice that, after possibly shrinking the neighborhood U of 6ft, we can assume that 



-p 2 (q) + 0(d 2 m (q))>-p(q) 



for all q G ft^ n U. Therefore, 
H p &t)(q) >\a\ 2 



2d m (q) (NH p (L,L))(p) 
-1 



P 2 (q) 



\H p (L,N)(q)\ 2 + H p (N,N)(q) 



for all q G Vtw (~l J7. Because of the plurisubharmonicity of p on flw H 6ft, it follows that 

|J3p(L,JV)| < {H P {L,L)Y (H p (N,N))? 

holds on D 6ft. Since g G ftw D E/, i.e., since n(q) — p is a weakly pseudoconvex 
boundary point, we get that H P (L, N)(p) = 0. Therefore, there exists a constant ci > 0, 
depending on p, such that 

|£f p (i,JV)(g)| a < Cl |p(g)| 2 for all qeQ w nU. 
This gives us the following lower bound on H p (£,£)(q): 

Hp&Q(q) >W\ 2 [-2d m (q) (NH p (L, L)) (p) + |p( g ) 
-\b\ 2 [ Cl -H p (N,N)(q)], 
which implies that for some constant C2 > depending on p 



(2.3) 



H p (Z,0(q) > \a\ 2 -2d b n(q)(NH p (L,L))(p) + -p(q) 



c 2 |6| : 



holds for q £ ftiy (~l ?7. 

Note that l|2.3|l is a more detailed version of for those points q € ft near 6ft whose 
projections n(q) are weakly pseudoconvex boundary points. Moreover, inequality p. 3(1 is 
within range, if NH P (L, L) is non-positive at all weakly pseudconvex boundary points. 
The term NH P (L, L) being positive at some weakly pseudoconvex boundary point po 
means that the function H p (L,L) decreases when one moves from pq inside the domain 
along the line normal to 6ft at po. This, of course, means that H p (L, L) becomes negative 
there, which destroys any hope of p being plurisubharmonic in some neighborhood of po- 
Clearly, NH p (L, L)(p ) > obstructs inequality i|1.3fl to hold for all e > 0. 

2.3. Example & idea of modification of p. We shall first give an example of a domain 
where NH p {L,L) is positive at a weakly pseudoconvex boundary point. Consider the 
domain D = {(z,u>) G C 2 | p(z, w) < 0} near the origin, where 

p(z,w) = Re{w) + \w\ 2 + Re(w)\z\ 2 + \z\ 2 \w\ 2 + |z| 4 + \z\ 6 . 

One can easily show that p is plurisubharmonic on bD near the origin. In fact, p is 
strictly plurisubharmonic on bD near the origin except when z = 0. Let £ = (^1,^2) and 
q = (0, w) be a point in D which lies on the line normal to bD through the origin. Then 

H p (^0(q) = (Re(w) + \w\ 2 )\^\ 2 + \a\ 2 . 

Thus p can not be plurisubharmonic in any neighborhood of the origin. Note that this 
is caused by the term Re(w)\z\ 2 contained in the definition of p. However, this is our old 
enemy, that is 



(NH p (L,L))(0) = — 



d ( d 2 p 



dw \ dzdz 



(0) = - > 0! 
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Now the question is, whether we can manipulate p such that the obstruction vanishes. 
Notice that the answer to that in the above example is yes: let r(z,w) — p(z, w)/(l + \z\ 2 ). 
Then 

r(z,w) = Re{w) + \w\ 2 + |z| 4 , 

which is plurisubharmonic everywhere. 

Recall, that we actually want to show an estimate like 

-2d m (q)(NH p (L,L))(p) > ep(q). 

Obviously, just multiplying p by a small positive number is not going to remove the 
obstruction. So, we consider another defining function p- h of f2, where h is some smooth, 
positive function. We shall now list a few characteristics of h which should give us some 
control on the obstruction term: 

(1) In order to use the basic estimate ll'2..''>ll for p ■ h, we would need that p ■ h is 
still plurisubharmonic at weakly pseudoconvex boundary points. This can be 
achieved, if we choose h such that all its first order derivatives vanish at all 
weakly pseudoconvex boundary points. 

(2) We need to consider those third order derivatives of p ■ h, which are forced upon 
us by the obstruction term, at weakly pseudoconvex points. If we assume that 
all first order derivatives of h vanish at weakly pseudoconvex points (and if we 
ignore, at least temporarily, that in the obstruction term N does not only act on 
the Levi form of p ■ h but also on L and L) , then there are only two terms to be 
considered: 

(a) There is the product of the original obstruction term of p and h, which tells 
us that h itself should not be large at the weakly pseudoconvex points. 

(b) There are the terms which involve one derivative of p and two derivatives of 
h. Since we are on b£l the only such term which can appear is N acting on p 
multiplied with the Levi form of h. This seems to say that we need the Levi 
form of h to be negative definite at the weakly pseudoconvex points. One 
can show that NH p (L, L) equals LH p (N, L) at weakly pseudoconvex points 
(see l)3.3|l and the following lemma) . Thus the obstruction term itself gives 
us a function, — \H P (N, L)\ 2 , whose Levi form is strictly negative definite at 
those points where it is needed. 

Clearly, we can not choose h to be — \H p (N, L)\ 2 , since the latter function vanishes at 
weakly pseudoconvex points, and hence p ■ h would not be a defining function of Q. 
However, taking (1) and (2) into account e> H ?( N ' L '> seems like a suitable candidate for 
h. 



3. Proof of Theorem 11.21 

Let C > be a large constant, which will be chosen later. We will consider the smooth 
defining function 

r c = r = pe- Ca , where a = \H p {N,L)\ 2 , 
and we shall work with the vector fields 

dr d dr d dr d i dr d 

jj- _ 0z2 ggi gzi dz 2 anc j jyr _ 3z\ dz t ' dz 2 dz 2 



\dr\ \dr\ 

which are defined on fin U (after possibly shrinking U). As before, we note that L r (r) 
(i r , N r ) = and \L r \ = \N r \ = 1. Moreover, on bn we have L r — L and N r = N. 



6 



J. E. FORNjESS, A.-K. herbig 



As before, we suppose that q G ttw H U. Here, the decomposition of a vector £ 6 C 2 
with respect to the vector fields U and 7V r at q is different than before. Clearly, we can 
write £ = a q ^L r (q) + b q ^N r (q) again; however, the constants a q ^ and b q ^ are different 
from before. Again, for notational convenience, we shall drop those subscripts q, £. 

Let us first see whether the basic estimate (|2.3|) holds for r. The only special prop- 
erty of p, which we used to derive (|2.3(l . is that H p (L, N)(p) = 0, where p is a weakly 
pseudoconvex boundary point. Thus, to see whether (|2.3|l holds for r we shall compute 
H r (L r , N r )(p). A straightforward computation gives 



d 2 7 



-Ca 



dzjdzk 



-C 



da ( dp 



dzu \dz 



Cp 



da 



8 2 p 

dzjdzk 

-c^~— ~ cp 92(7 

dzk dzj dzjdzk 



Since H p (L, N)(p) — 0, it follows that not only a but also any derivative of a at p vanishes, 
and thus we obtain 

d 2 r d 2 p 



dzjdzk 



dzjdzk 



In particular, r is plurisubharmonic at p and H r (L r , N r )(p) = 0. Thus l|2.3|l holds for r. 
That is: there exists a constant C2 > (depending on r) such that 



(3.1) 



holds for all q G fi^ fl U after possibly shrinking U. 

To see whether we truly gain anything by using r instead of p, we have to figure out 
how (N r H r (L r ,L r ))(p) is related to (NH p (L, L))(p). We shall prove the following 

(3.2) Claim : N r H r (L r , L r )(p) < [NH p (L, L) - C\dp\ ■ (NH p (L, L)) 2 } (p). 

Note that N r = N on bil, which implies on btt 



2 



Nr Hr (U,U) = NH r (U,U) = Y.N l - £ —Lft 



Since L r is a weak complex tangential direction at p and r is plurisubharmonic at p, we 
have 



E 



<9 2 



dL 



<9z,-z fc 



Moreover, we have L r (p) = L(p), which gives us that 

d 3 r 



(N r H r (L r ,L r ))(p) 



y 



LjL k N e (p). 
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Let us now compute those third derivatives of r: 
d 3 r 



dzjdzkdzg 



da (do (dp da\ d 2 p dp do d 2 a 



9 2^ [ V^j ^ z j/ dzjdzk dzk dzj dzjZk 

Cp- ( Cp^-) C%- ( -C^-p— Cp, 92(7 



dzkZe \dzj dzj J dzk \dzjdzg dzgdzj dzjdzi 
d 3 p / d 2 p da dp d 2 a dp d 2 a d 3 a 



dzjdzkdzi \dzkdze dzj dzk dzjdzp, dzgdzjZk dzjdzkdzi, 

First note that p as well as a and all its first order derivatives vanish at p. Also, since L 
is complex tangential to bfl all the terms involving J^- or J=j- vanish. Thus we get 

(N r H r (L r , L r j) (p) - (NH p (L, L) - C(dp, N)H a {L, L)) (p). 
Since (dp,N)(p) = \dp(p)\, it follows that 

(N r H r (L r , U)) (p) = (NH p (L, L) - C\dp\H a (L, L)) (p). 
Recall that cr = \H p (N, L)\ 2 . Using that H p (N,L)(p) — 0, a direct computation gives us 

H a (L,L)(p) = \{dH p (N,L),L)(p)\ 2 + \(dH p (N,L),T)(p)\ 2 



> \(dH p (N,L),L)(p)\ 2 . 



We compute further 



Since L is a weak complex tangential direction at p and p is plurisubharmonic at p, it 
follows that 

(3.3) (dH p (N,L),L)(p) = NH p (L,L)(p) + £ ( £i 

We claim that the last term on the right hand side vanishes: 

Lemma 3.4. Suppose X is a smooth vectorfield, which is complex tangential to bQ,. 
Furthermore, suppose that 60 is weakly pseudoconvex at some boundary point p. Define 
Y = J2~j=i Xj^^-j^-- Then Y is weak complex tangential to bil at p. 

Proof. Since X is tangential, X(p) = holds on bil. Moreover, we have X(X(p)) = on 
bCl. Therefore 

o=x(x(p))( P) =5:^a(^)( P ) 
j,fe=i j 

j,k — 1 j.k — 1 
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where the last step holds since H P (X, X)(p) = by our hypothesis. Thus, Y is complex 
tangential direction at p. In particular, H P (Y, Y)(p) =0. □ 

If we set X = L, Lemma [3.41 implies that the last term in 1(3. 3|) vanishes. Thus, we 
obtain 

H a {L,L)[p) > \(dH p (N,L),L)(p)\ 2 = \NH p (L, L){p)\\ 
which proves the Claim 13.2(1 . That is 

N r H r (L r ,L r )(p) < [NH P (L, L) - C\dp\ ■ (NH p (L, L)f] (p). 
Hence, the lower estimate ((3.1() on the complex Hessian of r now becomes 

flr& 0(9) >M 2 [Zdm(q) {Cc 3 (NH P (L, L)) 2 — NH P (L, L)| (p) + |r(g) 

(3.5) -c 2 |6| 2 

for q G H U, where C3 > is chosen such that \dp\ > C3 on bil. 

We are now set to show that there exist a C > and a neighborhood Uc of bfl such 
that 

(3.6) 2d m (q) [Cc 3 (NH p (L, L)f - NH P {L, L)J (p) > ~r(<?) 

holds for q 6 J7w n ?7c: which would imply that 1(1.3(1 holds for these points. 
To make our life easier, let us write A p for NH P (L, L)(p), i.e., ((3.6(1 becomes 

2d m (q) [Cc 3 A 2 p -A p ] > e -r{q). 

If Cc 3 A p — A p > 0, then 1(3. 6(1 holds trivially. Moreover, increasing C does not destroy this 
non-negativity. Suppose that Cc 3 A p — A p < 0. First notice that there exists a constant 
C4 > such that dbn(q) < C4\p(q)\ for all q G £1 H £/. Since p = re Ca , it follows that 
dbn(q) < C4e c ' CT ' ( ' 9 ^ l r ( < 7) I ■ Thus, to prove 1(3.6(1 it is sufficient to show 

2c i e c,y{q) \r{q)\ [Cc 3 A 2 - A p ] > ^r(q), which is equivalent to 
e c ^ [Cc 3 A 2 p -A p ]>-^-. 

Let Uc C U be a neighborhood of 6J7 such that z e U fl f/c implies that e Ca ^ < 
2 e Ca(7r(z)) _ Notice that fTc is a true neighborhood of 6f2, since <r is smooth near bfl. 
Moreover, in the situation which we are considering, i.e., where n(q) is a weakly pseudo- 
convex boundary point, we then have that q G flw H Uc implies e Ca ^ < 2. Therefore, 
to obtain 1(3.6(1 it is sufficient that 

Cc ^- A ^-ik 

holds on flw H J7c- We remark that neither 03,04 nor A p depend on the choice of C. 
Thus, choosing 

n in + I 

G = max < 0, max — — > 

pGbQ weak C 3 A£ I 

proves ((3.6(1 on f2 n f/c 1 , which implies that 

(3-7) ffrK,0(?)>|K9)lf| 2 -ca|(flr(9),f)| a 
holds on D E/c- 
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Let us show now that an estimate similar to ()3.7|l holds near Viw R Uc- Note first 
that our computations leading up to (|3.7|1 imply that N r H r (L r , L r ) < holds on the 
set of the weakly pseudoconvex boundary points of fi. Hence by continuity, there ex- 
ists a neighborhood W of the set of weakly pseudoconvex boundary points such that 
N r H r (L r , 77) < | on WflbCl. We may assume that W C U c and that q eWntt implies 
n(q) G W n 60. Using Taylor's formula, it follows for q G W R O that 

H r (L r ,L r )(q) > H r (L r ,L r )(n(q)) + ~r(«) + 0(r 2 (<?)) 

> J ff r (^,^)W <Z )) + |r( (7 ) 

after possibly shrinking of W. Another application of Taylor's formula gives us for q G 

#r(£,0(<?) >l«| 2 [W,£ r )M<z)) + |r(q)] + |6| 2 i7 r (7V'', iV r ) 

+ 2|a||6|[|i/ r (^,7V'')(^(< Z ))|+0(r( g ))] 

>|a| 2 [ J ff r (L'',L'-)W (? ))+ e r( 9 )]- C 5|(9r(g),0| 2 

+ 2\a\\b\\H r (L r ,N r )(n(q))\ : 

where the last step follows by the Cauchy-Schwarz inequality for some constant C5 > 
sufficiently large. Since H r (L r , L r )(n(qj) is positive, we only need to estimate the term 
\H r (L r , N r )(n(q))\. Note first that r is not plurisubharmonic on 60 at strictly pseudocon- 
vex boundary points, though p is. However, since any derivative of a is 0(H p (N r , L r )) 
on 60 and since p is plurisubharmonic on 60, it follows that there exists a constant Cq > 
such that 

\H r {L r ,N r )\ 2 <c 6 H r (L r ,L r )[H r {N r ,N r ) + c 6 ] on 60. 
The Cauchy-Schwarz inequality implies now, that for some constant C7 > we have 

(3-8) H r (d)(q)>^(qm 2 -c 7 \{dr(q),0\ 2 
for q G W n O. We define n = r + ifr 2 for some if > 2C7. Note that 
ffn&Ofa) = (l + 2Kr)H r (i,i){q)+2K\{dr^)\ 2 . 
Let Uk = { z eW \ 1 + 2Kr(z) > \ }, then JUBJ implies for q G O n U K 

H ri (t,0(q) > ^K?)iei 2 + (2^- C 7)l<ar( g ),oi 2 
>eri(«)fc| a +ii1(0ri(gU>| a . 

That is, we have shown that l|1.3fl holds on O n UK- 
Next we show that l|1.3|l also holds near the remaining strictly pseudoconvex boundary 
points. We note that S — bfl\ (W R 60) is a closed subset of the set of the strictly 
pseudoconvex boundary points. This implies, as long as K > is chosen sufficiently 
large, that there exists a neighborhood Us of S such that r\ is strictly plurisubharmonic 
on O fl Us- In particular, there exists a neighborhood V of 60 such that 

HrA^HM^zrimf + KKdniqlO] 2 

for all q G R V and £ G C 2 . This proves (JQJ). 

The proof of l|1.4fl is very similar to the above proof of (|1.3|) . In fact, we only need 
to change a few signs to derive (|1.4|) . First, one realizes that the basic estimate (|2.3|l 
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becomes: there exist a neighborhood U of bfl and a constant ci > such that 

flp(£,0(9) > l«| 2 [24fi(g)(iVff p (L,L)(p) - ~p(g)] - c 2 |6| 2 

for q £ f2 c (~l U. Here, as before, the points q in consideration are such that their 
orthogonal projections 7r(g) = p onto 6f2 are weakly pseudoconvex boundary points. As 
one would expect, we have an obstruction to plurisubharmonicity of p outside of Q at 
those weakly pseudoconvex boundary points where H p (L, L) decreases along the outward 
normal. Thus, we should multiply p by a smooth, positive function which is strictly 
plurisubharmonic at those boundary points where N H P (L, L) is negative, i.e., we work 
with the function r = pe c ^ H,,l - N ' L ^ 2 for C > 0. Using arguments analog to the ones in the 
proof of one can then show that for any e > and K > 0, there exist a neighborhood 

V of 6f2 and a constant C > such that the complex Hessian of r 2 = r + Kr 2 satisfies 

(toil on n c n v. 



4. Proof of Corollary II. 51 

In the following section, we give the proof of Corollary 1 1.51 We start out with part (i) 
by showing first that for any 77 6 (0, 1) there exist a 5 > 0, a smooth defining function r of 
fl and a neighborhood W of bfl such that g\ = — (— re -5 ' 2 is strictly plurisubharmonic 

on n n w. 

Let 77 £ (0, 1) be fixed, and r be a smooth defining function of f2. For notational ease 
we write <fi — S\z\ 2 for 6 > 0. Here, r and <5 are fixed and to be chosen later. Let us 
compute the complex Hessian of g\ on n W: 

H gi (£, =r?(-r)"- 2 e-^ [(1 - 77) | <0r, 1 2 - rff r (£, 

+ 2r V Re ((Or, (d^)) ~r 2 V I W, 1 2 + r 2 H^, 

An application of the Cauchy-Schwarz inequality gives 

„2„2 

|2 



2r^i?e ( (ft-, (dcj>, ) > - ( 1 - 77) | <<9r, | 



2 2 
2 J"?? 



1-7? 



Therefore, we obtain for the complex Hessian of g on f2 the following: 



ff Sl (e,e)>r?(-9i)(-r)- 
Notice that 



1 - 77 



where I? 



l-i, . 

| 2 . Now set (5 = 2^d: it is noteworthy that S goes to as 77 



approaches 1 . We now have 
which implies that 

(4.1) H^O^vi-QiX-r)- 1 



1 — ?7 2 



#r(£,0 + 2H-)K| 2 



holds on fl. 
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on n c nw. 



By (|1.3|) there exist a neighborhood W of bfl and a smooth defining function r% of fl 
such that 

for all g S fl fl W. Setting r = n and using (|4.ip . we obtain 

^(^.0(9) > ■ |l€l a for gennw. 

It follows by standard arguments that there exists a defining function r\ such that — (— ri) T? 
is strictly plurisubharmonic on fl; for details see pg. 133 in |Die-For77aj . This proves 
part (i) of Corollary 1 1.51 

The proof of part (ii) is similar to the proof of part (i). Let r\ > 1 be fixed. We would 
like to show that there exists a neighborhood V of bfl such that g2 = (re 5 ' 2 ' )*> is strictly 

plurisubharmonic on fl n V for some smooth defining function r and some constant 
S > 0. Let W be a neighborhood of bfl. Choose S — where D — max zl -yy \z\ 2 . Then 
calculations similar to the ones in the proof of part (i) yield 

H g2 (C,0 > rmr- 1 H r (t,0 + ^r\t;\ 2 

By H1.4JI there exist a neighborhood V of bfl and a smooth defining function T2 of fl such 
that 

Q 

for all q £ Q HV. Since we may assume that V C W, it follows that 
H g2 (£,0(q) > V92(q) ■ S ^\ 2 for q G fi C fl V, 

which proves Q1.4|) . 
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